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ABSTRACT
Large amplitude Alfve´nic fluctuations tend to be unstable to parametric instabilities which result in
a decay process of the initial wave into different daughter waves depending upon the amplitude of the
fluctuations and the plasma beta. The propagation angle with respect to the mean magnetic field of
the daughter waves plays an important role in determining the type of decay. We have revisited this
problem by means of hybrid simulations. Starting from either monochromatic or non-monochromatic
circularly polarized fluctuations, we have investigated the stability of Alfve´nic fluctuations, the satu-
ration mechanisms of the decay process and the final nonlinear state reached at different pump wave
amplitudes and plasma beta values. As opposed to one-dimensional simulations where the instability
is suppressed for increasing plasma beta values, we find that the decay process in multi-dimensions
persists at large values of the plasma beta via the filamentation/magnetosonic decay instabilities. In
general, the decay process acts as a trigger both to develop a perpendicular turbulent cascade and to en-
hance field-aligned wave-particle interactions. We find indeed that the saturated state is characterized
by a turbulent plasma displaying a field-aligned beam at the Alfve´n speed and increased temperatures
that we ascribe to n = 0 resonances and pitch angle scattering in phase space. By addressing the
stability of large amplitude Alfve´nic fluctuations, and by providing a mechanism that may contribute
to turbulence development as well as to collisionless plasma heating and particle acceleration, these
results are relevant to the solar wind and to space and astrophysical plasmas in general.
Keywords: keywords
1. INTRODUCTION
Collisionless or weakly collisional turbulent plasmas
are typically found in space and astrophysical environ-
ments. It is the case of the heliosphere and the solar
wind, the outflow of plasma continually emitted by the
sun and that permeates our solar system. Large am-
plitude fluctuations in the plasma velocity and mag-
netic field, known as Alfve´nic fluctuations, are com-
monly observed in the solar wind. Such fluctuations
are almost incompressible, and they display the typ-
ical velocity-magnetic field correlation that character-
izes Alfve´n waves propagating away from the sun (Cole-
man Jr 1967; Belcher & Davis Jr 1971). In spite of such
a high degree of correlation, Alfve´nic fluctuations in the
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solar wind are characterized by a well-developed power-
law spectrum that dominates the low-frequency range
of the solar wind fluctuations energy (Bavassano et al.
1982; Horbury et al. 2005; Bruno & Carbone 2013). It is
thought that these Alfve´nic fluctuations might be gen-
erated near the sun and that they may contribute to
coronal heating and solar wind acceleration (Erde´lyi &
Fedun 2007; Verdini et al. 2009), problems that are still
under debate in the community.
In the absence of collisions, plasma heating by Alfve´n
waves is believed to be due to resonant wave-particle
interactions that contribute to the conversion of the
wave energy into particle thermal energy (Marsch & Tu
2001; Hollweg & Isenberg 2002). On the other hand, in-
situ observations (Cranmer 2009; Vasquez et al. 2007;
Hellinger et al. 2013; Sorriso-Valvo et al. 2018) and nu-
merical simulations (MacBride et al. 2008; Karimabadi
et al. 2013) support the idea that dissipation of turbulent
fluctuations might contribute significantly to plasma
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2heating. Turbulent fluctuations involve magnetic and
kinetic energy transport across scales and its conver-
sion into heat at the small dissipative scales. However,
internal energy generation involves different channels,
such as kinetic instabilities, resonant wave-particle in-
teraction (Buti et al. 2000; TenBarge et al. 2013; Cran-
mer 2014; Chen et al. 2019) and magnetic reconnection
within coherent structures (Parashar et al. 2009; Drake
et al. 2009), among others, and the very nature of the
dissipation process(es) is still puzzling.
In this regard, the evolution of proton temperature
in the solar wind shows a strong departure from the
predictions of the double adiabatic theory. Preferential
particle heating in the perpendicular direction to the lo-
cal magnetic field is typically observed (e.g. Matteini
et al. (2006) and references therein), and the proton dis-
tribution function displays many non-thermal features,
such as temperature anisotropies and a secondary pro-
ton population with a drift velocity of the order of the
local Alfve´n speed (Marsch 2006). Interestingly, ki-
netic simulations have shown that a field aligned proton
beam forms self-consistently through the decay of an ini-
tial large amplitude Alfve´nic fluctuation (Araneda et al.
2008; Matteini et al. 2010), pointing to the fact that ki-
netic effects might play an important role in regulating
the dynamics at the large, MHD scales.
Large amplitude Alfve´n waves are known to be un-
stable and to decay into compressible and secondary
Alfve´nic modes through three or four-wave resonances
that lead to a variety of decay instabilities depending on
the plasma beta and dispersive effects. Such is the case
of parametric decay (Galeev & Oraevskii 1973; Derby Jr
1978), modulational, and beat instabilities (Sakai &
Sonnerup 1983; Wong & Goldstein 1986; Nariyuki &
Hada 2007; Jayanti & Hollweg 1993). Parametric in-
stabilities (in the broader sense) of Alfve´n waves (or of
a spectrum of Alfve´n waves) have been widely studied
over the years through theoretical approaches (Derby Jr
1978; Goldstein 1978; Malara & Velli 1996), and nu-
merical simulations adopting both MHD (Ghosh et al.
1994a,b; Malara et al. 2000; Del Zanna et al. 2001) and
kinetic models (Terasawa et al. 1986; Matteini et al.
2010; Verscharen et al. 2012; Nariyuki et al. 2012).
In particular, the traditional parametric decay insta-
bility has attracted much attention over the years both
in the context of turbulence and plasma heating. This
type of decay is most efficient at low values of the plasma
beta and it essentially involves the decay of a pump
Alfve´n wave into a lower frequency reflected Alfve´n wave
and a forward sound wave. For this reason, parametric
decay remains an appealing process because it provides
a natural mechanism for the production reflected modes,
which is essential for the triggering of a turbulent cas-
cade. Indeed, recently it has been proposed as a vi-
able mechanism to initiate the turbulent cascade in the
solar wind acceleration region (Chandran 2018; Re´ville
et al. 2018), while global MHD simulations of the solar
wind have also shown that the parametric decay insta-
bility can contribute substantially to solar wind heat-
ing and acceleration, thanks to the generation of com-
pressible modes that, in the absence of kinetic effects,
naturally steepen into shocks (see, e.g., Shoda et al.
(2019)). The traditional parametric decay has been also
invoked as a possible source for the generation of in-
ward modes and solar wind turbulence in the inner he-
liosphere, but expansion effects are known to inhibit its
development, essentially because the parametric decay
process is strongly suppressed as the plasma beta in-
creases at larger heliocentric distances (Tenerani & Velli
2013, 2020; Del Zanna et al. 2015).
Despite much work on parametric instabilities, less
attention has been devoted to kinetic effects in multi-
dimensions. The multidimensional nature of parametric
instabilities of a parallel propagating Alfve´n wave was
first investigated via two-fluid linear theory by Kuo et al.
(1988) and later in the work by Vin˜as & Goldstein (1991,
1992) where it was shown that the oblique propagation
of the daughter waves allows for additional paramet-
ric instabilities depending on the angle of the density
perturbation with respect to the mean magnetic field.
These studies showed that while oblique modes natu-
rally emerge when the pump wave itself is in oblique
propagation or in two-dimensional turbulence (as ob-
served for example in Matteini et al. (2010); Primavera
et al. (2019)), perpendicular and quasi perpendicular
modes can grow as the result of a different decay pro-
cess of an Alfve´n wave in parallel propagation, known
as the filamentation and the magneto-acoustic instabil-
ity, respectively. Such highly oblique modes have been
reported previously in two-dimensional numerical simu-
lations (Ghosh et al. 1994b,a; Gao et al. 2013; Comis¸el
et al. 2018, 2019).
The picture emerging from the aforementioned work
in multi-dimensions seems to suggest that the growth
rate of the decay instability becomes larger for larger
plasma beta, the opposite trend that is found in
the one-dimensional representation. Indeed, in the
low beta plasma regime the traditional parametric de-
cay is expected to be the dominant process, but the
filamentation/magneto-acoustic instability, which de-
pends on the plasma beta only weakly (Vin˜as & Gold-
stein 1992), is likely to become the dominant process as
the plasma beta increases. This may have important im-
plications, not only with regard to plasma heating, as we
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shall see, but also for turbulence in the solar wind, where
an increasing content of reflected waves (cross-helicity)
and an evolving turbulent spectrum is observed with in-
creasing heliocentric distance (Bavassano et al. 2000).
In this paper we have therefore revisited the stability
of Alfve´n waves in parallel propagation using 1, 2 and
3D hybrid simulations to explore the combined effect of
multi-dimensionality and kinetic proton physics at dif-
ferent values of the plasma beta and pump wave ampli-
tude. We have considered both monochromatic and non-
monochromatic left-handed circularly polarized Alfve´nic
fluctuations and we have investigated how the decay pro-
cess and its saturation and nonlinear stages depend on
the pump wave amplitude, plasma beta and dimension-
ality. We found that the overall decay process involves a
superposition of modes due to parametric and filamen-
tation instability that survives at values of the plasma
beta well above unity, contrary to the one-dimensional
case where the dynamics is restricted to the mean mag-
netic field-aligned direction. In the 2D and 3D simula-
tions, we find that the instability triggers a wave energy
dissipation process resulting in a turbulent energy cas-
cade that develops preferentially in the perpendicular
direction. At the same time, the decay of the initial
fluctuation induces also the formation of a field-aligned
proton beam drifting at the Alfve´n speed regardless of
the plasma beta, and which appears to be associated to
a strong perpendicular particle heating. While perpen-
dicular heating is affected by the pump wave amplitude,
it is surprisingly observed whenever the decay occurs,
regardless of the dimensionality and the plasma beta.
This paper is organized as follows: In section 2 we
present the quasi-neutral hybrid model and the numeri-
cal setup that we have employed in this study. Section 3
is divided in three parts. In subsection I we describe the
global dynamics of the instability for different plasma
beta, wave amplitude and dimensionality of the prob-
lem. The spectral properties of the electromagnetic field
are presented in subsection II where we focus on the
turbulent properties at different scales. Finally, in sub-
section III we discuss the effect of the proton/electron
beta and the wave amplitude on the proton heating and
acceleration, and address the problem of wave-particle
interactions by proposing a possible mechanism to ex-
plain the observed features. In section 4 we summarize
our results.
2. MODEL AND SIMULATION SETUP
We have employed a hybrid model where electrons are
treated as a massless and isothermal neutralizing fluid
while the proton dynamics is described by the Vlasov-
Maxwell equations (Eqs. 1). The coupling with the elec-
tromagnetic fields is given by the low-frequency and non-
relativistic Maxwell’s equations, where quasi-neutrality
(ni = ne = n) is assumed and the electric field is deter-
mined via the generalized Ohm’s law:
∂fi
∂t
+ v · ∂fi
∂r
+
e
mi
(
E +
vi
c
×B
)
· ∂fi
∂v
= 0 (1a)
∂B
∂t
= −c ∇×E, J = c
4pi
∇×B (1b)
E +
ui
c
×B = −kBTe∇n
en
+
J×B
en
+ η∇×B, (1c)
with c the speed of light, e the electron charge, kB
the Boltzmann constant and Te is the electron tem-
perature. The proton number density n and the pro-
ton bulk velocity ui are computed from the moments
of the distribution function (n =
∫
f(r,v, t)dv and
nui =
∫
vf(r,v, t)dv respectively). In this work we
made use of the CAMELIA code (see e.g. Franci et al.
(2018)), which is a hybrid particle-in-cell code that uses
the current advance method (Matthews 1994) and Boris
scheme for the particle pusher, with good stability and
long term accuracy.
The numerical setup consists of a large amplitude,
large scale Alfve´nic fluctuation propagating along the
mean magnetic field B0, that we take along the x-
axis. Periodic boundary conditions are imposed in all
directions of the computational box. Lengths are nor-
malized to the proton inertial length di = c/ωp with
ωp = (4pine
2/mi)
1/2 the proton plasma frequency. Time
is expressed in units of the inverse of proton gyrofre-
quency Ω−1ci = (eB0/mic)
−1 and velocities are normal-
ized to the Alfve´n speed vA = B0/(4pinmi)
1/2. The
plasma beta for both ions and electrons is defined as
βp,e = 8pinkBTp,e/B
2
0 . Since in almost all simula-
tions we have βp = βe, we will just use the symbol β
to indicate the proton beta, unless otherwise specified.
We have included the resistive term in the generalized
Ohm’s law to improve energy conservation by avoiding
energy accumulation at the grid scales. The resistive co-
efficient is defined in units of 4piω−1p and the associated
length scale is chosen to be greater than the grid size
but smaller than any other scale of interest (i.e. smaller
than the proton inertial length or proton gyroradius de-
pending on the plasma beta).
We initialize the system using an isotropic homoge-
neous plasma with uniform particle density and proton
velocities randomly distributed with a Maxwellian dis-
tribution function at given temperature Tp and a fixed
number of particles per cell (npp). The initial pump
4Alfve´n wave is initialized with a wave number n0 = 4
and wave vector k0 = 2pin0/L, L being the box size
in units of proton inertial length (we use a square or
cube box with equal sides), that satisfies the condition
δu = −(ω0/k0)δb, with |δb| = δb0 the amplitude of
the pump wave normalized to the mean magnetic field
magnitude B0. The wave frequency is determined from
the normalized dispersion relation k20 = ω
2
0/(1− ω0) for
left-handed circularly polarized waves in parallel propa-
gation. The pump wave is only weakly dispersive, with
(k0di)
2  1 (see also Table 1).
The monochromatic and non-monochromatic initial
Alfve´nic fluctuation is given by the following general
form for the magnetic field:
δbz = δb0 cos (φ(k0, x)) (2)
δby = −δb0 sin (φ(k0, x)). (3)
The phase of the pump wave is defined as:
φ(k0, x) = k0x+ 
nf∑
m=ni,m 6=n0
1
m
cos (kmx+ φm). (4)
By introducing the phase in this way, a superposition
of multiple modes can be obtained with the same cir-
cular polarization and parallel propagating fluctuations
with an imposed power spectrum that scales as k−2 be-
tween the modes ki = 2pini/L and kf = 2pinf/L. φm
is a random phase in the interval [0, 2pi] and  controls
the deviation from a monochromatic wave, which is re-
covered for  = 0 (Malara & Velli 1996; Del Zanna et al.
2015; Tenerani & Velli 2013; Re´ville et al. 2018). Note
however that the expression in the phase is not mono-
tonic, so if the amplitude of the epsilon term is large
enough, the wave does not remain exactly left-hand, but
might have short intervals of right handed arcs. A sum-
mary of the numerical and plasma parameters adopted
in this work can be found in Table 1.
3. RESULTS
I. Global dynamics
In Fig. 1 we show the time evolution of the kinetic
and magnetic energy of the fluctuations and thermal
proton energy of two representative simulations that we
use as a reference to summarize the main properties
of the dynamical evolution of the system. In particu-
lar, we show results from a monochromatic case (A2D-
IIh) and for a non-monochromatic case (C2D-I) with
the same plasma parameters, β = 0.5 and δb0 = 1.0.
The bottom panel shows the time evolution of the
parallel and perpendicular temperature profiles (black
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Figure 1. Temporal evolution fluctuations energy and the
proton temperature for run A2D-IIh (solid lines) and for run
C2D-I (dashed lines) and : (Top). Magnetic (blue), kinetic
energy (orange), thermal energy (green) and total energy
(red). (Bottom). Parallel temperature (black), perpendic-
ular temperature (red) and the ratio between parallel and
perpendicular components (green). The proton temperature
for run C3D-I is also shown in dotted lines.
and red colors, respectively) and of the temperature
anisotropy T⊥/T‖ (green color). We have introduced
the parallel and perpendicular temperatures defined in
terms of the decomposition of the pressure tensor ac-
cording to the direction of the total magnetic field as:
p‖ = p : bˆbˆ and p⊥ = p : (I− bˆbˆ)/2. The pressure ten-
sor p =
∫
(u− vp)i(u− vp)jf(r,v, t)dv is obtained from
the particle velocity distribution and bˆ = b/‖b‖ is the
direction of the total magnetic field.
For the monochromatic case, three different stages can
be identified during the evolution: initially, the wave
propagates without significant dispersion, the kinetic
and magnetic energy oscillate around a mean value,
while the proton temperature remains constant. After
this initial stage, the wave energy is transformed into
particle heating. Finally, saturation of the instability
slows down the heating process and the system achieves
a steady state condition with almost constant kinetic,
magnetic and thermal energy. It is noted that the total
energy of the system is not perfectly conserved during
the simulations, in fact, there is a relative error of the
order of 3% and some numerical heating is present in
the simulations.
In the non-monochromatic case, on the other hand,
the decay of the initial fluctuation occurs earlier than in
the monochromatic simulation, in agreement with previ-
ous studies, owed to the fact that many modes are simul-
Hybrid simulations of parallel propagating large amplitude Alfve´nic fluctuations 5
Table 1. Initial conditions for the simulations presented in this paper.
Run res L(di) ∆x ppc βp βe δb0 ni nf  η
A1D-I 512 128 0.25 10000 0.25 0.25 1.0 0 0.002
A1D-II 512 128 0.25 10000 0.5 0.5 1.0 0 0.002
A1D-III- 512 128 0.25 10000 2.0 2.0 1.0 0 0.002
A2D-Ih 20482 128 0.0625 1000 0.25 0.25 1.0 0 0.0004
A2D-IIh 20482 128 0.0625 1000 0.5 0.5 1.0 0 0.0004
A2D-IIIh 20482 128 0.0625 1000 2.0 2.0 1.0 0 0.0004
A2D-II 5122 128 0.25 1024 0.5 0.5 1.0 0 0.002
A2D-III 5122 128 0.25 1024 2.0 2.0 1.0 0 0.002
A3D-II 2563 128 0.5 512 0.5 0.5 1.0 0 0.004
B1D-I 512 128 0.25 10000 0.5 0.5 0.5 0 0.002
B1D-II 512 128 0.25 10000 0.5 0.5 0.25 0 0.002
B2D-I 5122 128 0.25 1024 0.5 0.5 0.5 0 0.002
B2D-II 5122 128 0.25 1024 0.5 0.5 0.25 0 0.002
C3D-I 2563 128 0.5 512 0.5 0.5 1.0 4 10 0.5 0.004
C2D-I 5122 128 0.25 1024 0.5 0.5 1.0 4 10 0.5 0.002
C2D-II 5122 128 0.25 1024 0.75 0.75 1.0 4 10 0.5 0.002
C2D-III 5122 128 0.25 1024 1.0 1.0 1.0 4 10 0.5 0.002
C2D-IV 5122 128 0.25 1024 2.0 2.0 1.0 4 10 0.5 0.002
C2D-V 5122 128 0.25 1024 4.0 4.0 1.0 4 10 0.5 0.002
C2D-VI 5122 128 0.25 1024 8.0 8.0 1.0 4 10 0.5 0.002
D2D-I 5122 128 0.25 1024 0.5 0.5 0.5 4 4 0.5 0.002
D2D-II 5122 128 0.25 1024 0.5 0.5 0.25 4 4 0.5 0.002
E2D-I 5122 128 0.25 1024 0.5 0 0.5 4 4 0.5 0.002
E2D-II 5122 128 0.25 1024 0.5 0.5 0.5 4 4 0.5 0.002
taneously present (Malara & Velli 1996; Tenerani & Velli
2013; Re´ville et al. 2018). However, the decay process
in the non-monochromatic case is relatively slower and
more gradual, and therefore the heating rate is smaller
than in the monochromatic case, although the tempera-
tures reached at the end of simulations, at t = 1000Ω−1ci ,
are roughly the same. It is also noted that the proton
heating observed in the simulations are pretty similar
between 1D, 2D and 3D setup, with a slighly larger pro-
ton temperature in multi-dimensions than in 1D simu-
lation. The dominant heating mechanism seems to be a
one-dimensional process. We will address this problem
in section 3.III.
The density fluctuations and the proton tempera-
tures for monochromatic waves at different plasma beta
and wave amplitudes are presented in Fig 2. Similar
trends are observed for the non-monochromatic cases
and the three dimensional simulation that, for the sake
of brevity, we do not show here. Results for 1D simula-
tions are plotted (dashed lines) as a reference for purely
parallel dynamics. Here, the total temperature is de-
fined as T = 13 (T‖ + 2T⊥) and ∆T = T (t) − T (t = 0)
represents the net change from the initial value of the
total temperature. The left panels of Fig. 2 display re-
sults for different plasma beta and initial wave ampli-
tude δb0 = 1. As can be seen, the evolution of the
decay process in the 1D simulations closely follows pre-
dictions from MHD linear theory. The initial nonlin-
ear wave is subject to decay instability which becomes
slower as the (electron) plasma beta increases. For the
amplitudes considered here, the instability is suppressed
at large plasma beta (β = 2), where the wave is more
likely to decay via modulational or beat instabilities,
with smaller growth rates and hence a slower decay pro-
cess. The slight increase in density fluctuations that
can be seen in the upper panel of Fig. 2 for the 1D case
does not indeed correspond to the disruption/decay of
the pump Alfve´n wave. What is interesting to highlight
is the different trend displayed by the 2D simulations
with the plasma beta. In the low beta regime the 2D
simulations are characterized by a growth rate similar
to the 1D cases, although the decay occurs later than in
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Figure 2. The standard deviation of the density fluctuations, mean parallel temperature, mean perpendicular temperature
and temperature difference in time for simulations labeled with runs A. 1D simulations (dashed lines) and 2D simulations (solid
lines).
the 1D, in agreement with previous MHD studies com-
paring parametric decay from one to three dimensions
(Del Zanna et al. 2001). However, the 2D simulations
display a rapid decay process even in the large beta case
and, contrary to the 1D case, the growth rate tends to
increase with the plasma beta. Accordingly, the temper-
ature evolution and resulting proton heating is different
between the 1D and 2D simulations. As we have men-
tioned above, there is no decay in the 1D simulations
for β = 2, and no energy exchange with particles occurs
in this case. On the contrary, in the 2D simulations
a strong particle heating is observed both in the par-
allel and perpendicular directions, for small and large
beta values. We ascribe such differences between the
2D and 1D set of simulations to the onset of filamen-
tation/magnetosonic decay simultaneously to the main
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Figure 3. (Right). Temporal evolution of the amplitudes of
the most most unstable modes and of the pump wave (black)
in runs A2D-IIh (Top) and A2D-IIIh (Bottom).(Left). Su-
perposition of 2D Fourier spectra of By (black contours) and
density ρ (red contours) at the maximum of the the most
unstable modes shown on the right panels.
parametric decay process, and to the resulting nonlinear
dynamics.
The right panels of Fig. 2 show the same quantities
on the left panel but for fixed beta (β = 0.5) at differ-
ent initial wave amplitudes. The growth rate increases
with the amplitude, as is known from linear theory.
Strong proton heating is observed as the pump wave
amplitude increases, a trend that we find also in the
non-monochromatic cases. Interestingly enough, proton
heating occurs in both parallel and perpendicular direc-
tions in both 1D and 2D simulations, pointing to the
fact that most of the heating mechanism(s) must be as-
cribed to a 1D dynamics. We defer such a discussion to
the subsection III.
By way of illustration, the decay process for run A2D-
IIh and A2D-IIIh is presented in Fig. I. The left pan-
els show the superposition of the 2D FFT of the y-
component of the magnetic field (black contours) and
density (red contours) at the maximum of the curves in
the right panels for each simulation. On the right panels
we plot the amplitude of the most unstable modes in the
simulations and of the pump wave (in black). As can be
seen, in the 2D simulations different kinds of daughter
waves are excited which lead to a competition between
different types of parametric instabilities. We find that
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Figure 4. 1D slices of the density (red) and parallel mag-
netic fluctuations (black) for run A2D-II at y = 64di (left)
and at x = 64di (right) for different times.
two types of decay are at play: a parallel and quasi-
parallel one, corresponding to the traditional parametric
decay instability, and a perpendicular one, correspond-
ing to the filamentation/magnetosonic instability. The
parallel decay is evident in the enhancement of density
fluctuations with wave number (n‖, n⊥) = (8, 0) and,
correspondingly, of the forward propagating Alfve´n wave
with (n‖, n⊥) = (12, 0), in agreement with the three-
wave coupling resonance condition. Similarly, quasi-
parallel side-band modes are also observed for By and
ρ with wave number (8, 2) and (4, 2) (density is not
shown), respectively. These quasi-parallel modes are the
most unstable ones in the simulations with β = 2 and
β = 0.5. At the same time, filamentation instability
leads to an enhancement of ρ and By at wave number
(0, 2) and (4, 2), respectively.
For the sake of completeness we also display in Fig. 4
the density and parallel magnetic field waveform at dif-
ferent stages of their evolution for run A2D-II. The plots
show slices along the parallel and perpendicular axis to
the mean magnetic field for both quantities at different
times. Before the complete decay of the pump wave, the
parametric instability is already established, as can be
seen from the generation of well defined, coherent den-
sity fluctuations (top panel). The anti-correlation be-
tween density and parallel magnetic field is a signature
of the slow mode character of the growing fluctuations
which is persistent even after the posterior distortion of
the parent wave (bottom panel).
II. Spectral properties
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The decay of the parent Alfve´n wave into secondary
modes triggers nonlinear interactions that ultimately
lead to the establishment of a turbulent cascade. At
saturation of the instability, an energy spectrum span-
ning scales all the way down to sub-proton scales devel-
ops preferentially in the perpendicular direction to the
mean magnetic field. In Fig. 5 we show the resulting
magnetic and electric field energy spectra for the same
monochromatic cases shown in the left panels of Fig. 2.
In the top panels we plot the reduced 1D spectra in
the perpendicular direction of the parallel (EB‖ , EE‖)
and perpendicular (EB⊥ , EE⊥) components of the elec-
tromagnetic field fluctuations at saturation. We also
plot the reduced spectrum of density fluctuations for the
same period and also the initial density fluctuations as a
reference to quantify the noise level in the simulations.
The reduced 1D perpendicular spectrum is computed
as EδA(k⊥) =
∫
dk‖A(k‖, k⊥), with A(k‖, k⊥) the 2D
spectral energy density. The vertical dashed line marks
the location of k⊥ρi = 1, with ρi =
√
βidi the proton
gyroradius.
The power spectrum of magnetic field components in
the parallel direction is less developed and the spec-
trum is dominated by the daughter waves and its har-
monics (not shown), but in the transverse direction
the magnetic field shows a broad inertial range with a
Kolmogorov-like spectrum (∼ k−5/3⊥ ). A spectral break
is also observed when approaching proton scales, mark-
ing the transition to another turbulent regime at sub-
proton scales. The spectral break occurs at the larger
of the proton scales depending on the plasma beta, in
agreement with previous numerical simulations (Franci
et al. 2016). At the transition, the magnetic field steep-
ens, with a slope of −7/3, while the electric field flattens,
with a slope of approximately −1/3, in agreement with
in-situ measurements (Alexandrova et al. 2009; Sahraoui
et al. 2013; Chen 2016), fluid and kinetic simulations
(Dmitruk & Matthaeus 2006; Howes et al. 2011; Franci
et al. 2015).
The change of turbulence regime from the large to
the small scales is marked by the increase of plasma
compressibility, an effect that we observe in all of our
sets of simulations. In order to characterize small scale
fluctuations, we consider spectral field ratios that are
known to provide a useful tool to investigate the po-
larization properties of turbulent fluctuation (Gary &
Smith 2009; Chen et al. 2013; Grosˇelj et al. 2017; Chen
& Boldyrev 2017; Cerri et al. 2019). In the bottom
panels of Fig. 5 we present the spectral ratio R1 ≡
C1EδB‖/EδB⊥ and R2 ≡ C2Eδρ/EδB⊥ for each simula-
tion. The ratios are normalized to the rms of each field
and to the theoretical prediction from KAW at different
Hybrid simulations of parallel propagating large amplitude Alfve´nic fluctuations 9
EHE∇pe
10 1 100 101
k d i
10 2
10 1
100
101
102
103
⊥
||
k
k
∣E
∇
p
e
∣
E
H
∣
∣/ 
Ω 1ci
-
β
β
β
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of electron pressure to the parallel Hall term for the same
simulations shown in the bottom panel.
plasma beta (C1 = βt(1 + Te/Ti) / 2 + βt(1 + Te/Ti)
and C2 = 4 / ((1 + Ti/Te)(2 + βt(1 + Te/Ti))) with
βt = βp + βe. KAW theory predicts a value of unity
for R1 and R2 at sub-proton scales. This would cor-
respond to strong compressive magnetic fluctuations in
nearly pressure balance in the kinetic range. In our set
of simulations, where we considered Te/Ti = 1, the val-
ues of R1,2 for the magnetic field are in rough agree-
ment with the theory, but the level of density fluctua-
tions at scales smaller than proton scales largely exceeds
the linear prediction. This could be due to nonlinear-
ities and/or the presence of different wave activity like
slow modes, whistler or others plasma modes in the sub-
proton range. It is also noted that particle noise beyond
proton scales may also dominate the density spectrum
and therefore the ratio overestimates the expected val-
ues.
The parallel electric field is developed during the col-
lapsing stage of the pump wave and it plays a crucial
role in the particle heating observed during the decay
process until saturation. Interestingly, the gross contri-
bution to the parallel electric field comes from the Hall
effect rather than from the electron pressure term. In-
deed, the electron pressure presents the same trend as
the Hall term, but with smaller amplitude (not shown).
In the top panel of Fig. 6, we show the rms value of the
parallel component of the Hall electric field and ∆T for
different beta simulations. As can be seen, there is a
clear correlation between the Hall parallel electric field
and particle heating in this set of simulations.
One can find that the spectral ratio between the par-
allel component of electron pressure to the parallel com-
ponent of the Hall term involves the density and the par-
allel magnetic field fluctuations (fluctuations of Bx). In
the bottom panel of Fig. 6 we present the parallel (black
lines) and perpendicular (grey lines) spectrum of the ra-
tio between these two terms. Solid, dashed and dotted
lines refer to the same plasma beta cases reported in the
top panel, with each curve being taken at the maximum
of the parallel electric field and averaged over 50Ωci. At
large scales, the ratio between electron pressure to Hall
term at transverse scales (k⊥) appears to increase as
the plasma beta increases. This trend does not come as
a surprise since P1D(E∇pe)/P1D(EH) ∝ β2e/4 and it is
consistent with the formation of slow modes along the
perpendicular direction (cfr Fig. 4). In the parallel direc-
tion (k‖), instead, the Hall term is larger than the elec-
tron pressure term at all beta values, as a consequence
of the presence of strong currents produced by the de-
cay of the pump wave. However, at sub-proton scales,
the electron pressure dominates over the Hall term in
both parallel and perpendicular directions. Again, par-
ticle noise may contribute to overestimate the level of
density fluctuations observed at small scales.
As already mentioned, the generation of parallel elec-
tric field fluctuations is crucial for the particle heating
and acceleration observed during the decay process of
the pump wave and until the steady-state condition is
reached at saturation stage, a problem that we address
in the next section.
III. Proton heating
The proton dynamics is illustrated in Fig. 7 for the
monochromatic simulation with β = 0.5 and δb0 = 1.
The left panels show contours of the proton distribu-
tion function in phase space (x − vx) at three different
times from top to bottom. The corresponding reduced
distribution functions of parallel and perpendicular ve-
locities (vx and vy) are shown on the right panels. We
show the particle evolution at three different stages of
the evolution. At t = 320Ω−1c , phase space vortexes
form with the same wavelength of that of density fluc-
tuations developed by the parametric instability, with
not yet significant heating at that time of the evolu-
tion. After this initial stage, a “piston-like” mechanism
mediated by the parallel electric field allows for the gen-
eration of a secondary proton population propagating
parallel to the mean magnetic field. The beam travels
at the Alfve´n speed, with signatures of particle trapping
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Figure 7. (Left). Ion phase space x− vx at different stages
of the evolution for the run A2D-IIh. (Right). Reduced
distribution function for the x-component of the particle ve-
locities (solid blue lines) and y-component of the particle
velocities (dashed lines). The initial distribution function is
plotted in red
clearly visible in the phase space. The proton beam is
persistent and remains stable when a steady state con-
dition is reached. Proton beam formation during para-
metric/modulational instabilities is a well known pro-
cess that was found in 1D kinetic simulations (Araneda
et al. 2008; Matteini et al. 2010). Here we investigate
the origin and its possible relation to the strong perpen-
dicular heating that we observe in our simulations.
To explore the plasma heating and the proton beam
formation, we have performed the same numerical ex-
periment that consists of a non-monochromatic initial
perturbation with different plasma beta. Although the
monochromatic case provides good insights into the
physics of parametric instabilities, it remains an ide-
alized problem. Previous numerical simulations using
MHD and kinetic models (Malara et al. 2000; Tenerani
& Velli 2013; Matteini et al. 2010; Primavera et al.
2019) have explored the parametric instability using
non-monochromatic Alfve´n wave packets in 1D and 2D
configurations and it is known that it continues operat-
ing with a slight reduction of the growth rate, essentially
because a broad-band spectrum tends to quench coher-
ent resonances (Malara & Velli 1996).
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Figure 8. Comparison of different macroscopic quantities
for simulations labeled with run C (Top). The normalized
standard deviation of density fluctuations. (Middle). Par-
allel magnetic fluctuations and (Bottom) total temperature
difference for different plasma beta condition.
We have run 1D, 2D and 3D simulations for the non-
monochromatic wave using the same numerical param-
eters and we have obtained similar results for the three
configurations (not shown).
The results from the 2D simulations with δb0 = 1 and
different plasma beta are summarized in Fig. 8. Density
fluctuations are larger for low beta plasma and become
progressively smaller as the beta increases. The ampli-
tude of parallel magnetic field fluctuations seems not to
be affected by the plasma beta, but the time for them
to exponentially grow is affected by the plasma beta.
The proton heating shows different stages also in these
non-monochromatic cases. There is an initial strong
temperature increase and a beam formation, that corre-
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steady state stage for simulations A2D-II (blue ),D2D-I (or-
ange) and D2D-I (green). (Left). x-component representing
the parallel particle velocity. (Right). y-component repre-
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lates with the enhancement of the parallel magnetic field
fluctuations. A secular stage is followed where the heat-
ing rate is significantly reduced. The final temperature
gained by the particles is similar to the monochromatic
cases and so are the trends with the plasma beta and
pump wave amplitude of ∆T (and T⊥, T‖). Such trends
are not affected by the plasma beta, rather, they are
controlled by the amplitude of the pump wave.
The averaged particle distribution function (PDF)
over 100Ωci during the secular stage is presented in
Fig. 9. We computed the average PDF right after the
end of the instability is established and when the parti-
cle temperature is statistically constant. It can be noted
that the beam forms around the Alfve´n speed for all the
beta cases, although it is not clearly visible at larger beta
values. The distribution function in the perpendicular
direction, instead, is a Maxwellian and, as mentioned
above, the total change of perpendicular temperature is
not affected by the plasma beta.
The effect of the wave amplitude on the final distribu-
tion function is presented in Fig. 10. Even if the heat-
ing of particles depends on the amplitude of the pump
wave, the beam formation along the mean magnetic field
is persistent. The core of the distribution is mostly af-
fected by the finite amplitude effects and longer tails in
the distribution are found with larger wave amplitude.
Since the distribution function is averaged over several
gyroperiods, the number of particles in the beam is af-
fected by the averaging.
The understanding of the overall proton heating due
to the unstable behavior of Alfve´nic fluctuations and the
corresponding energy transport toward smaller scales
is fundamental to understand the implications on the
plasma heating typically observed in solar and astro-
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Figure 10. Reduced distribution function averaged over
the steady state stage for runs E2D-I and E2D-II. (Left).
x-component representing the parallel particle velocity.
(Right). y-component representing one component of the
perpendicular particle velocity
physical context. The nature of parallel and perpendic-
ular heating comes from different physical mechanisms
and, therefore, we first focus on the parallel heating,
which is in fact due mainly to the beam generation, and
subsequently we discuss the perpendicular heating and
the possible mechanism.
According to previous work, the electron beta plays a
crucial role on the saturation process because the elec-
tron temperature contributes to the strength of the par-
allel electric field via the pressure gradient term in the
Ohm’s law (see Eq.(1b)). It was suggested that the sat-
uration of the instability was due to particle trapping by
the field-aligned electric field generated by density fluc-
tuations, which would lead to a field-aligned beam whose
velocity appears to depend on the plasma beta. Hybrid
simulations with βe = 0 have shown that the beam for-
mation is indeed inhibited and the saturation process
results on the steepening of the ion acoustic wave, just
like in the fluid description (Matteini et al. 2010). In
the same spirit, we present in Fig. 11 the results for the
non-monochromatic case with βp = 0.5 and δb0 = 1.0
for two different scenarios: a case with (βe = 0.5) and a
case with cold electrons (βe = 0).
As can be seen, the two simulations do not display sig-
nificant differences in the PDFs. Not only the perpen-
dicular temperature achieved at the end of the process is
the same for both simulations (right panel) but, impor-
tantly, the field-aligned beam (left panel) is persistent
in a plasma with βe = 0, even though a less populated
beam is observed for cold electrons. Indeed, the gradi-
ent of the electron pressure, although not the dominant
term in Ohm’s law, contributes to the trapping of the
particles so that more particles can get trapped for the
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βe = 0.5 case. The comparison between these two se-
tups therefore points to the fact that it is the Hall term
that contributes the most to the field-aligned electric
field and to the the beam formation.
According to Vlasov linear theory, proton heating by
Alfve´n waves is possible via resonant damping and par-
ticle can exchange energy with the wave only at dis-
crete resonance interaction restricted by the condition
ω−k‖v‖ = nΩci, with ω the frequency of the wave, v‖ is
the particle velocity and k‖ is the wave number parallel
to the magnetic field.
Linear theory implies that for n = 0, when the phase
speed of the wave is of the order of the proton parallel
velocity, particles can resonate with the wave and then
they can gain or lose parallel velocity (v‖ ≤ ω/k‖ or
v‖ ≥ ω/k‖ respectively). This resonant wave-particle
interaction at n = 0 represents two different physical
interaction, the Landau damping, driven by a paral-
lel electric field, and the transit time damping (TTD)
(Fisk 1976; Achterberg 1981), which is the magnetic
analog of Landau damping. In TTD it is the mirror
force Fmir = µ∇‖B, with µ = mv2⊥/2B the conserved
particle magnetic moment, to play the analogous role
of the parallel electric field in Landau damping and, as
such, it can also contribute to the parallel heating by
driving a process of particle diffusion in phase space.
Interactions with n 6= 0 instead lead to cyclotron res-
onances in which the particles resonate with the oscil-
lating electric and magnetic field (Hollweg & Isenberg
2002). This kind of wave-particle interaction results
in the violation of the conservation of µ so that par-
ticles can experience strong perpendicular energization.
In general these wave-particle resonances are important
because they can lead to parallel/perpendicular heat-
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Figure 12. Spatial profile different quantities for run A1D-
I. Right axis show the values for proton parallel tempera-
ture (blue solid lines), perpendicular temperature (red solid
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ing produced by pitch-angle scattering resulting in an
isotropization process of the particle distribution func-
tion by particle diffusion in velocity space (Kennel &
Engelmann 1966; Lynn et al. 2012).
As we have shown in section I, the proton heating does
not display major differences between 1D and 2D sim-
ulations whenever the wave is subject to parametric in-
stabilities. In fact, the perpendicular heating is roughly
the same, although a somewhat larger parallel temper-
ature is obtained in the 2D simulations. In this sense,
the main proton heating mechanism at play seems to
be the same process regardless of the dimensionality of
the system and of the proton/electron plasma beta. In
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this way we can analyze the proton heating process for
a 1D case without loss of generality. Moreover, the fact
that in these numerical experiments the proton heat-
ing is essentially a one-dimensional mechanism, we can
rule out contributions from stochastic heating possibly
due to KAWs or in general to obliquely propagating
modes (Chen et al. 2001; Chandran et al. 2010), which
cannot develop in a 1D dynamics. However, the slight
enhanced heating observed in the 2D systems could be
due to the additional contribution to the parallel Hall
electric field allowed by 2D effects.
In Figure 12, we present the spatial profiles of the
parallel and perpendicular temperature and also the
Hall term components (EH‖ = EHx = bzjy − byjz and
EH⊥ =
√
E2Hy + E
2
Hz
= B0
√
j2z + j
2
y) and the gradi-
ents of the magnetic field (∂xB = −B−1/2EH‖ with the
current component jy = −∂xbz and jz = ∂xby, at dif-
ferent stages of the evolution for run A1D-I. Initially,
the circularly polarized Alfve´n wave is characterized by
a constant-B state and zero parallel Hall electric field
because of the initial condition (Fig. 12 (a)). Once the
decay comes into play, the initial wave collapses and
parallel density fluctuations are driven by ponderomo-
tive force, because the constant-B condition breaks up.
This is a one dimensional process that is reminiscent
of the collapse of Alfve´nic wave packets previously ob-
served in other works (Buti et al. 2000). Here we find
that the disruption of the wave together with dispersive
effects generate gradients of B in the field-aligned di-
rection which tend to steepen in some localized regions.
There it follows an enhancement not only of density fluc-
tuations but also of the Hall electric field through the
current density components jy and jz. Such steepened
wavefronts with enhanced Hall electric field propagate
at the Alfve´n speed (not shown). The combined effect
of particle trapping by the growing electric field fluc-
tuations, and acceleration from the localized Hall elec-
tric field at the steepened fronts of the Alfve´n wave
contribute to the acceleration of particles into a field-
aligned beam at the Alfve´n speed, enhancing the num-
ber of resonating particles with the fluctuations them-
selves. We suggest that both type of n = 0 resonances
(Landau and TTD damping associated to the gradients
of B) might be responsible for the parallel proton heat-
ing (Fig12 (b-c)). Once the resonating fluctuation en-
ergy is transformed into particle heating, the system
achieves a steady state, with small gradients of B, a
persistent beam and a strong parallel and perpendicular
heating (Fig12 (d)). As mentioned above, perpendicu-
lar heating might be produced by pith-angle scattering
processes due to the acceleration and redistribution of
particles in the field-aligned direction of phase space.
We argue that pitch-angle scattering is efficiently medi-
ated by the Alfve´n wave, which indeed couples parallel
and perpendicular particle dynamics. There is also a
high correlation between large perpendicular tempera-
ture and strong perpendicular Hall electric field (Fig. 12
(b-c)). However, we notice that the increment of parallel
and perpendicular temperatures occurs simultaneously
and at the same rate, favoring the idea that perpendic-
ular heating is probably due to pitch-angle scattering.
We plan to develop a more detailed investigation of the
beam formation and its possible relation to both wave
steepening and perpendicular heating in future works.
4. SUMMARY AND CONCLUSION
We have performed hybrid simulations of large ampli-
tude, parallel propagating Alfve´nic fluctuations subject
to parametric instabilities. We have considered both
monochromatic and non-monochromatic Alfve´nic fluc-
tuations and we have investigated how their stability,
nonlinear evolution and saturation is affected by the
amplitude of the pump wave, the plasma beta and the
dimensionality of the system (1D vs 2 and 3D).
In multi-dimensional systems the initial decay process
can be described as a superposition of both the paramet-
ric decay instability and the filamentation/magnetosonic
instability. The former leads to parallel propagating
density fluctuations and Alfve´nic modes, while the lat-
ter leads to the formation of perpendicular pressure-
balanced fluctuations of density and magnetic field.
Importantly, the filamentation instability becomes the
dominant process at beta values larger than unity, con-
trary to one-dimensional systems where the decay ap-
pears to be strongly suppressed.
The decay process naturally results in a well developed
turbulent cascade of electromagnetic (and internal) en-
ergy that develops preferentially in the transverse direc-
tion to the mean magnetic field, and that shows similar
properties for all the plasma beta values considered. At
saturation of the instability, the electromagnetic energy
spectrum displays a Kolmogorov-like inertial range at
large scales. At sub-proton scales, a steepened magnetic
field and a flattened electric field spectrum is observed,
displaying power-law scalings which appear to be con-
sistent with kinetic Alfve´n wave turbulence. We have
also quantified the nature of the fluctuations at sub-
proton scales by means of spectral ratio analysis. Using
this diagnostic we found that the strong magnetic com-
pressibility at sub-proton scales is consistent with KAW
linear theory, though the level of density fluctuations
largely exceeds the theoretical prediction. However, the
number of particles per cell constraints the particle noise
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at small scales. This may be responsible for the ob-
served discrepancy with the KAW’s prediction, although
other effects not included in KAW linear theory might
be present, from nonlinearities to the presence of differ-
ent wave activity (like slow modes or whistlers).
While a developed turbulent state is not observed in
the 1D systems, we found that, whenever the decay oc-
curs, the saturated state is always characterized by a
heated plasma displaying a persistent field-aligned beam
localized at the Alfve´n speed. In our results, we have
not found substantial differences of particle heating for
different plasma beta and between 1D, 2D and 3D sim-
ulation systems, monochromatic or non-monochromatic
pump waves. In fact, we found that the overall heat-
ing largely depends on the amplitude of the pump wave,
thus the available reservoir of energy for particle heat-
ing, and the proton energization closely follows the de-
cay process of the pump wave. A somewhat larger par-
allel temperature is observed in 2D than in 1D simu-
lations, which could be explained in terms of the ad-
ditional contribution to the parallel Hall electric field
due to 2D effects. However, the overall proton heating
seems to be a one-dimensional mechanism that leads to
roughly the same final perpendicular heating for 1D and
2D. This rules out mechanisms such as stochastic heat-
ing due to KAWs or in general due to the presence of
oblique modes, and favors field-aligned mechanisms in-
volving wave-particle resonances which are enhanced by
the beam formation.
Interestingly, the beam forms also when electrons are
cold (βe = 0), pointing to the fact that it is the field-
aligned Hall electric field to play the dominant role in
accelerating the beam of particles. Such electric field is
enhanced at the steepened edges of the pump wave and
we argue that it mediates wave-particle interactions via
both Landau and transit time damping. Landau and
transit time damping are expected to become effective
once the beam is formed, so that there is an increased
number of resonating particles with parallel electric field
and magnetic field magnitude fluctuations, respectively.
The perpendicular heating is attributed to a stochastic
mechanism that works as an isotropization process of
the distribution function via pitch-angle scattering of
the accelerated particles.
In conclusion, the decay process acts as a trigger to de-
velop a turbulent cascade and to enhance wave-particle
interactions, the latter resulting in a field-aligned beam
and efficient plasma heating, reproducing in this way
some features which are observed in the solar wind.
Moreover, we have shown that such a decay process re-
mains efficient also at large values of the plasma (β > 1)
which makes these results relevant not only to space
plasmas, but also to astrophysical environments where
the plasma beta can reach values well above unity.
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